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1. SUMKARY AMD ITRMUCTIOK

Sam Ineqnilties an the oharacteristic roots of positive definite

uatriaes and of matriees derived from them are obtained. Som of these

are gemralzatins of results of Boy ( v9bi give upper and lowr

bouwds on all the roots of the product of two positive definite matrices

in terms of the =Lmum and the minimm roots of the fnctor matrices.

These vaius results are foad to be usefWl in the stao of atattatical

problemms oo rming the zww!a malutiariate distribat±on4 and the authors

hope tmlat th zigiht be useal in other mat1miftta statiSntis Investigg-

tinms alsoo

2, BOUNDS ON CHARACTERISTIC ROOTS

The resmlt ame based an the folloing theorea from Ceurnt and

Hilbert (1953, p. 31):

MUM 2.1 Pbr 1 Sm.tr matrix A. of order p and for ME

max x< .>,*h (A)o (2.1)
x•x

Here o h A (A)o ch2(A) .IyA) an VAeebmzecteriostlo

roots of A



omg 12_1 Lt A be a agametric matrix of order p, and B k

nositive definite matrix of order p . Then for .an i-1 (1 < I < p)

column vectors C4 Qi = i, ... , 1i1)

max xAx > chi (A-') • (2.2)
xIBc

a = 1, ,.., i-I

Proof. There exists a nonsiagclar matrix T such that B TIT

Then (2.2) is identical to

max y1W > chi (E) , (2.3)yty

ya
J 1 , ... , i-I

where y = 2 , E = (TI)"I AT", j = (T')"o , 1 and chi (AB)=

chI [AT"I (TV)'I = chi (E) . The lemma now follows from Theorem 2.1

and the fact that (2.3) is equivalent to (2.1).

Theorem .2 Let A be-a sMetric matrix of order p , and let B

.• C be .ositive definite matrices of order p. Then for an,

i (I <_ < p)

ch I (A")< ch (.•"1) 1hk (Cg"' (2.4)



and

chP-1+1 (AB" 1 Chp-j~l (AC-1 chp-k+l (CB1 1 (215)

for j+k<i+l.

Proof. Lot o0l, ... , o(j. be the first J-1 characteristic vectors

of A in the metric of C, that is, A o(h = chh (AC"I) Ch hh(C 1  o(~h and

let 0(, .,., t-f +k-2 be the first k-I charaiteristic vectors of C

in the met:,ic of B ; that is, C ( = ch (CB ) B 0( T+Men

chi (ABTI) <ch j44.-I (AB"I )

<_ max xOAx
xIDx

xo,/ ch =0

h 1 , ... , J + k-2

xgCx X0Bx

C/h 0

h 1, ... , j + k-2

<_ m a C x I m a
Xq Ch ' 0 X 9 oý h = 0

h = 1, ... , J + k-2
max 1 Fx'Cx] a X x

x9C/Ih ' 0 x9o(hM 0

h J 1, ... , h-I h = J, ... , j + k-2



ch =j (AC-1) ob k (Col").

To derive (2.5) , w replace A by -A in (2.4) to get

ohij (A--"I Sh (Aj c I) (2.6)

for j +k <i+ 1 Note Vit for any oymmetrc matrfix T of order p

ohi (-T) - ch;i+1 (T) , ýI = 1, ... , p) , (2.7)

Now (2.5) follows from (2.6) with uas of the relation (2.7)

Corollar A is a siM~etriq matrix of order p, 9 j B is

a2o2.t1ve efinite .matrixof order p, then tof v i (lS i< p)

ohp (B) chi (A) < chi (AB) < chi (A) ch1 (B) , (2.8)

and furthermore, V A is positive detinite , then

ch2 (AB) ch o (A) oh (B) • c (AB) (2.9)ch (A)% Oh B) ch (A) oh (B)

E . Ifwerite C-I andreplace B by L" inTheorem 2.2,

me obtain

oh. (AB) (A) ch (B) (2.10)

and



" "-i+i (AB) > OhP.J÷ (A) chp.ý+ 1 (B) (2.1)

tbr j +k<i+l. Wletting ja I in (2.10) ,rplacing p i+1

and p- j +1 by i in (2.11), andletting kul inboth , we

obtain (2.8) . Uben A is also positive definite , then interebanging

A and B !,.n (2.8) , weobtain

Chp (A) chi (B) _ chi (AB) : chi (B) ch1 (A) , (2.12)

Now (2.9) follow from (2.8) and (2.12)

From Corollary 2.2.1 , we obtain

ohp (A) chp (B) < chi (AB) <oSh (A) oh1 (B)

(1I : Sp) . This resultwas obtained previouhly borRoy (195&).

2goj.1• L2.2 I A be a setrie matl of OUer p U

ch I (A) (1< :SI p) In not loee than the M&M caaiotrist&LWZioro

of Z •. jo•1 minor of A of order I .

boo It wi be enough to show that chi (A) is at least equal to

the uftlx.m characteristic root of Ai , 1here Ai la the submatrix

fbnmed bthe first I. romandcolumns of Ao Let D bea diagonal

matriz ith diagonalelements d1, 0.., dp much tat dj =I for J3S I



d <1 for j >i. Th from(2.8)

chi. (DAD) - ch:L (D 2A) :S oh1 (D 2  oh1 (A) c hi (A)

Thus

ah1 (A) > !im clhi (DAD)

d - o (j > i)

NOW

Jia (DAD)

d-- -0 (j > i)

tiere the matrix is partitioned into I mnd p-4 rovs and columns

Hence

ch1 (A) > lim oh1 (DAD)

d --- P 0 (J i)

c oh1 ( 1) = min ch (A1).

Theorem 2.3 Let A g B be two s9vmetrIc matrIces of czder p

Then tbran-" i (1 Si<p)

oh 1. (A+B) < chi (A) + chk (B) (2.13)



(A+B) > ch 1.+ (A) + ok+l (B) (214)

£2 ULet ci' "" ol(j-I be the characteristic vectors of A

CorrespondLng to the J-1 largest roots, -and 0<, t0.. c<j+k.2 be

the characteristic vectors of B corresponding to the k-1 largest

roots . Then

chi (A+B) < chJ+k. 1 (A+B)

< max X(A+B) x
mx'

X10(h = 0

h= 1, .*., j + k-2

<a m a x X , +x

Ic h X0(hI IX19h- 0 xv Cýh = 0

h 1, ... , J+k-2 h 1, .... , j4k.2

< max l..+ 2. i

X8Qo(h 0 X1 (h O

h 19 i,... ý1-I h s #, ... J+k-2

-h i (A) + c (B)
j h



The nequa~lity (2.141) Is obtained from (2.13) Wy replacing A and

B by - A and - B, respectively .

It follom from Theorem 2.3 that, if C.,A is a positive seui.definite

matrIx otofder p, *the ohi(C)2chi(A), 1 ,...,p E[as Vn

by Cclurftt and Hibert (1953, p. 33)3 •

If A and B have some comwrn c.aracteristie vectors, -then the

bounds for chi (AB) sad ch., (AB) in (2.10) and (2.11) and

the bounds for chi (A+B) and ch..,+, (A+B) in (2.13) and (2.14)

respetivelyp, can be Improved. In particular, if A snd B have the

*same oharacteristi,* vectors, then chi (AB) - chi (A) ohi (B)

ch (A47h) - ch, (A) + ch, (B) . A cowition•.r this loo AB•B&A,
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